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A new model of counterion condensation in polyelectrolyte solutions

ITIL. Theoretical predictions of competitive condensation between counterions
of different valences
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Our model has been extended for theoretical estimation of competitive condensation of counterions of different valences onto
polyelectrolytes in solution. The estimations are compared with those obtained from Manning theory and with experimental data on
counterion activity coefficients. The agreement with the data for sodium polystyrenesulfonate/MgCl,, CaCl, is satisfactory.

1. Introduction

Counterion condensation in polyelectrolyte sys-
tems containing different kinds, of counterions,
particularly monovalent and divalent types, has
been studied from the viewpoint of its biological
importance as well as from theoretical interest.
Record [1] studied the effects of counterion con-
densation of Na* and Mg?* on the helix-coil
transition of DNA. He observed that the melting
temperature, 7, attained a minimum as a func-
tion of Na* concentratien in the presence of Mg?™.
The present authors [2] have also observed a simi-
lar dependence of the helix content of sodium
poly(L-glutamate) in the presence of Mg2*. This
behavior was interpreted in terms of the decrease
in degree of condensation of Mg?* with increase
in Na* concentration and with respect to the
resulting modulation in degree of effective charge
density. In the study of counterion condensation
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theories, many kinds of synthetic and biological
polyions, with which no conformational transition
takes place, have been employed in investigating
the competitive binding of monovalent and diva-
lent counterions. Kwak and co-workers [3-6]
studied the condensation of divalent counterions
onto dextran sulfate in the presence of excess
monovalent salts. They found that the two-varia-
ble theory derived by Manning [7] is applicable to
such systems. Miyamoto and Imai [8] reported
that their new additivity rule, namely, that an
increase in the activity of a monovalent counter-
ion is equal to the increase in the difference be-
tween the concentration and the activity of the
added divalent counterion, provides a good ex-
planation for the counterion activities observed
with the sodium poly(styrenesulfonate)/CuSO,
system. This additivity rule was also found to be
valid for the sodium poly(vinylsulfonate)/CuSO,
system [9]. Shimizu et al. [10] measured the activ-
ity coefficients of counterions for the sodium salt
of a copolymer of maleic acid and the ethyl vinyl
ether /CaCl, system. The results were compared
with Manning theory using a charge density
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parameter £, which was obtained in the experi-
ment. In the latter three examples, however, the
degrees of condensation and activity coefficients
of monovalent and divalent counterions have not
been estimated theoretically. Recently, Manning
has extended his condensation theory to general
cases in which no restriction is imposed on the
counterion species, ionic strength and the ratio of
counterion and polyion concentrations [11]. How-
ever, the theory is a limiting law. For a finite value
of the ionic strength, a priori knowledge of the
condensed volume is necessary for estimation of
the degree of condensation.

In our preceding paper [12], we have proposed
a new model (the intermediate model) for counter-
ion condensation as an extension of Manning
theory. The theoretical estimations of the degree
of condensation and counterion activity coeffi-
cients have been compared with those derived
from the theories by Manning [13] and Iwasa and
Kwak [14]. Qualitative agreement with experimen-
tal data has been found for the ionic strength
dependence of the counterion activity coefficients,
especially for systems in which interpolymer inter-
actions can be neglected. The present paper de-
scribes a further extension of the intermediate
model for polyelectrolyte solutions containing
counterions of different valences. The theoretical
predictions regarding the degree of condensation
and counterion activity coefficients are comipared
with Manning theory derived for the general case
and with experimental data for sodium poly-
(styrenesulfonate)(PSSNa)/MgCl,-CaCl, and
sodium poly(L-glutamate) (PLGNa)/MgCl,-
CaCl, systems obtained in the present study.

2. Polymer model and free energy calculation

The polymer model and the assumptions made
for calculation of free energy adopted in this study
are the same as those described in the preceding
study [12]. We treat a system consisting of a
polyion, v,y salt, vy-p,, salt and solvent. Here,
»; denotes the valence of the i-th added small ions
and », <p,. Subscripts ¢ and 'b represent the
counterion and by-ion, respectively. We assume
that the counterion species of the polyelectrolyte

is the same as that of the salt 1, and that the
system contains only two kinds of counterions.

The free energy of the system, AG, is expressed
as functions of the degrees of counterion con-
densation, 8, as follows.

AG/RT
=C (In C +Invl) + Gy (In Gy +1n vi)
+Cy Ina, +F, /RT
+C {8, ng +6,n86,
+ (1 — 116 — v, 0,) ln(l =11 — vy.0,)
- (1 - (”1c - 1)01 - (Vzc— 1)02)
Xln(l_(vlc_l)al_("Zc_l)aZ)} (1)

where C represents molar concentration, y the
activity coefficient and a the activity. Subscripts p
and w refer to the polyion and water (solvent),
respectively. Superscript ii signifies a small ion-
small ion electrostatic interaction. The final term
on the right-hand side of eq. 1 expresses the
mixing entropy for the assumed linear array of
condensed counterions and polymer charges.

Ci» G, and a,, are given by the following
equations.

Clc = nlcCl + (1 - Vlcal)cp/ylc (23)
Ce=n G — och (Zb)
aw=Cw/(Cw+C1c+C20+Cb) (20)

where r;_ is the mole number of counterion in the
i-th salt, ie., n, v, =n,,p,;, and C, (=n,,C; +
nC,) the molar concentration of by-ions. In eq.
2c, the contribution of the polyion to a,, is ne-
glected. F,,, the excess free energy for electrostatic
interactions between polymer charges and be-
tween small ions and polyions, is estimated with

the screened coulombic Debye-Hiickel potential:

N—-1
Fo/RT = Cot(1 = 0181 — 72 8,)° L (1 — m/N)
m=1

X exp(—Kkmb)/m (32)
k=87 X 107N, (e*/DkT)1I (3b)
I'=1/2X (}Cy + v3.Co + ny¥3,Cy + ey

(3¢)
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where ¢ is the charge density parameter given as
e’ /DkTb, e the electronic charge, D the dielec-
tric constant of the bulk solvent, T the absolute
temperature, and b the axial spacing of the charged
groups. N represents the number of charges on a
polyion, N, Avogadro’s number and I the ionic
strength.

The activity coefficient, y", which represents
small ion-small ion electrostatic interactions, is
estimated by using the Debye-Hiickel equation as
modified by Kielland [15].

log yi= —0.5115021° /(1 + 0.3291r10°)  (4)

where I, is the ionic strength of salt solution in
the absence of polyelectrolyte and r the effective
diameter of the ion determined by Kielland. It
should be noted here that I, in eq. 4 is not equal
to that in eq. 9 of our preceding paper. When a
polyelectrolyte solution contains only one kind of
counterion or different counterions of the same
valence, I, is given by T(n,.72 + nyy»3)C/2. In
the present system, however, I, cannot be de-
termined in an unequivocal manner, since counter-
ions of different valences are present. Some as-
sumption is necessary to assign the counterions to
the polyelectrolyte and added salt. Here, counter-
ions of »,, are preferentially assigned to polyelec-
trolyte because counterions of higher valence have
higher affinity to polymer charges. Then, I, is
given by the following equations:

(when ny.», G, > C,)

I,=1/2X% {("1c”12c + nlbulzb)C1

+(nyeris + naprd, )G — (1 — ”I)Cp} (5a)
(when ny.», G, £ G,)
I,=1/2X% {(nlcvlzc + nlbvfb)Cl

+(nacrieva + npr3y ) G } (5b)

Although this is a rather arbitrary assignment, the
estimation of 6 values using eq. 1 is scarcely
affected, the variation in § values amounting at
most to a few percent under the experimental
conditions usually employed in this definition of
I,.

The activity coefficients for free counterions,
Y1 and vy,., are calculated from differentiation of

F../RT with the concentration of each species (eq.
5 of ref. 12). The stoichiometric activity coeffi-
cients, y;, and ¥}, are given by the following
equations.

Ylsc = Yliizylcclc/( nlccl + Cp/”lc) (63)
YZSC = YZiic.YZcCZC/ h 2cC2 (6b)

3. Experimental

The preparation and purificatii)n of sodium
poly(styrenesulfonate)(PSSNa) and sodium
poly(L-glutamate)(PLGNa) have been described in
part 1 of this series [12]. MgCl, and CaCl, of
analytical grade were used as the added salts and
were purchased from Tokyo Kasei Co. Ltd. The
ratio of divalent counterion to polymer, C,/C,,
was adjusted to 0-0.8. All sample solutions were
prepared with deionized and subsequently dis-
tilled water.

Counterion activities were measured at 25+
0.05° C with ion-selective electrodes, viz., an Orion
97-11 for Na™ and an Orion 93-32 for the divalent
ions in conjunction with an Orion 90-02 double-
junction reference electrode. Electrode potential
was measured using an Orion 901 ion analyser.

4. Comparison with Manning theory

Manning [11] has extended his limiting law for
counterion condensation to general cases. Accord-
ing to his study, the degrees of condensation of
any kind of counterion present in any ratio and at
any concentration can be estimated if the con-
densed phase volume V), can be properly evaluated.
Manning has suggested two models for the calcu-
lation of V: the ‘independent condensation’ model
and a modified ‘monolayer condensation’ model.
These were originally proposed by Iwasa [16]. In
the former model, ¥, for each counterion species
is estimated by neglecting the presence of the
other counterion species, resulting in multiple ¥,
values. In the latter model, a single ¥, value is
used for calculation of counterion condensation; it
is assumed that ¥, values for different counterions
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take a mean value given by the weighted average,
Yz,V,; exp(—8p7/RT). Here, z; is the weight for
the i-th counterion, ¥, the condensed phase
volume, and 8pu! the difference of the chemical
potential in the reference state including the activ-
ity coefficients of the condensed and free counter-
ions. If z, is taken as the ratio of the number of
counterion i to the total number of all the coun-
terions, this estimation procedure for ¥, reduces
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to that of the two-variable theory of Manning
when one counterion species is present in excess.

In fig. 1a-c we compare 6, and 6, values for
mono- and divalent counterion systems estimated
according to eq. 1 and by the later model of
Manning. The theoretical 8, values from Manning
theory were obtained numerically as a combina-
tion of 6, and 6, which minimizes the free energy
given by eq. 6 of ref. 11. Fig. la-c shows the
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b (10%cm)

Fig. 1. Comparison of theoretical 8, values for the intermediate model and Manning theory. Thick curves, intermediate model; thin

curves, Manning theory. (a) Dependence on divalent counterion ratio, C, /C,. N =1000, b =2.5X 10~ em, C; =0, C,=1.0X 1072

eq./1. (b) Dependence on ionic strength, I. N=1000, b=25%10"8 cm, C; =C,=C, (c) Dependence on charge spacing, b.
N=1000, C,=0, ¢, = 2.0x107> mol/], C,=1.0x10"2 eq./1.



M. Saioh et al. / Model of counterion condensation in polyelectrolyte solutions: IT1 213

dependences of §; values on the molar ratio of
divalent counterion to polyelectrolyte, C,/C,,
ionic strength, I, and charge density, b (the charge
spacing), respectively. In each case, one observes
that the two theoretical estimations for @, are
similar in a qualitative sense. For example, both
theories predict that 6, increases and #, decreases
with increasing ionic strength, as shown in fig. 1b.
These predictions are reasonable because at lower
ionic strengths, counterions of higher valence are
preferred by the polyelectrolyte to reduce effec-
tively the electrostatic interaction between poly-
mer charges. With increasing ionic strength, such
a preference becomes less significant. In fact, the
decreasing trend in #, values has been demon-
strated experimentally [4].

Although not apparent from fig. 1b, which
covers the usual range of ionic strengths, an essen-
tial difference between the two estimations can be
found concerning their predictions on the ionic
strength dependence of 6, values. The inter-
mediate model predicts that 8, decreases to zero
with decreasing ionic strength tending toward in-
finite dilution, whereas according to Manning the-
ory, the #;, values remain constant in the limit of
dilution. The latter originates from an unrealistic
polymer model, i.c., the infinitely long polymer
model adopted in the Manning theory, as dis-
cussed in our preceding paper. The prediction of
the present model as regards the ionic strength
dependence of counterion condensation is con-
sistent with those of Mayer’s cluster integral [17],
statistical mechanics [18] and the Poisson-Boltz-
mann cell model [19], and also with the experi-
mental observations on the ionic strength depen-
dence of counterion activity coefficients, espe-
cially at lower ionic strengths [12].

Another difference demonstrated in fig. la—c is
that the values of 8, and 8, + 26, estimated by the
intermediate model are lower than those of the
Manning theory. It may be worthwhile comparing
these theoretical estimations with experimental
data on the degree of condensation for mixed-
counterion systems. Joshi and Kwak {4] measured
6, for Mg?* and Ca’* in solutions of sodium and
potassium dextran sulfates by using a two-wave-
length dye spectrophotometric method. The
authors found that the 8, values for combinations
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Fig. 2. Experimental 6, values for dextran sulfate [4] and
theoretical estimations according to the intermediate model
and Manning theory. N =2775, b=25%X10"% cm. Sohd
curves, intermediate model; dashed curves, Manning theory.
(®) DSNa/NaCl/CaCl,, =001, C,=1X10" 3 eq./L (O)
DSK/KCl/CaCl,, 1=001, C,=1x10"" eq/1. (a)
DSNa,/NaCl/MgCl,, I=0.06, C, =2X107*eq./L.

of M**/K* at a given C,, C, and [ are lower
than those of M**/Na®. This was attributed to
the smaller hydrated radius and the resultant
greater affinity of K™ to the polyion. In fig. 2, 64,
values for dextran sulfate/CaCl,/NaCl and /KCl
systems are compared with the two theoretical
curves. It is observed that the agreement between
the curves from the Manning theory and inter-
mediate model with the experimental results is
satisfactory for both Ca®*/Na* and Ca?'/K*
systems, respectively. In a region of greater ionic
strength, Manning theory overestimates #, for the
Mg?*/Na™ system as shown by the lower dashed
curve in fig. 2. It can be stated that both the
intermediate model and the Manning theory, in
spite of not being applicable in dealing with ion-
specific counterion binding, provide fairly good
estimates. However, it should be noted again that
V, values in the Manning theory have to be
determined rather arbitrarily for the relevant sys-
tems.

5. Counterion activities and the theoretical estima-
tion of the intermediate model

In figs. 3 and 4, the activity coefficients
ana/Cna (= Y1e5) and a,/C, (= v,,) for PSSNa/
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Fig. 3. Experimental activity coefficient for PSSNa/MgCl,,

CaCl, systems and theoretical estimations from the inter-

mediate model. N =452, b=25x10"%cm, C;=0, C, =1%
10~ 2eq. /1.

MgCl, or CaCl, and PLGNa,/MgCl, or CaCl,
systems are plotted as a function of G,/C,. For
these polyions, the results obtained with the MgCl,
systems agree with those of CaCl, within the
limits of experimental error.
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Fig. 4. Experimental activity coefficients for PLGNa/MgCl,,
CaCl, systems and theoretical estimations from the inter-
mediate model. N =457, b=3.6x10"% ¢m, €, =0, C, =1x
1072 eq./1. Solid curves, intermediate model; dashed-dotted
curves, intermediate model with AE,, = —1.5 kcal /mol.

The increase in and saturation of ay,/Cy,
with increasing C,/C, are due to the exchange of
condensed Na™ with added M?*. The increase in
a,/C, becomes noticeable concomitantly with
saturation of Na* activity. These forms of behav-
ior of the change in activity are explained by the
intermediate model. The theoretical curves for
PSSNa/M?** systems exhibit quantitative agree-
ment with experimental data on the respective
activity coefficients. However, the activity coeffi-
cients of M>* and Na* for PLGNa/M?* systems
are over- and underestimated, respectively, by the
intermediate model. The discrepancy, converted
into the degree of counterion binding, between the
estimation of the intermediate model and the ex-
perimental results for divalent counterions is 2-fold
greater than that found in the sodium dextran
sulfate/CaCl, system. Such a marked disagree-
ment may be attributed to differences in binding
mode. The counterion binding of polystyrene-
sulfonate is classified as being of the ‘atmospheric
binding’ mode, in which counterions are least
dehydrated upon binding [20]. On the other hand,
it is known that divalent counterions interact with
those polyelectrolytes having carboxylate groups
in a specific mode close to the site binding; coun-
terions are substantially dehydrated [20). Accord-
ing to Mattai and Kwak [21], divalent counterion
binding to polyelectrolytes having sulfonate or
sulfate groups (e.g., PSS, dextran sulfate) can be
correlated with the two-variable theory of Man-
ning, which, however, largely underestimates the
counterion binding for carboxylated polyanions
(e.g.,, polypectate and carboxymethylcellulose). If
Mg?* and Ca®* are attracted to the charged groups
of PLG more strongly than is predicted by the
intermediate model, then the activities of M2* and
Na™ should be lower and higher, respectively,
than in the theoretical estimations, This is actually
observed. In order to estimate the extra interac-
tion energy, AE,,, for condensed divalent ions, we
incorporated an additional term, AE,, /RT X 6, X
C,, into eq. 1. The dashed-dotted lines in fig. 4
were obtained by assuming a value of —1.5
kcal /mol for AE,, . It should be noted that not
only the theoretical curve for a,/C, but also that
for ay,/Cn, can be fitted to the experimental
results by assuming a single extra interaction en-
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ergy for divalent counterion binding. The AE,,
value contains contributions from the short-range
electrostatic energy (favorable) between polymer
charges and a counterion, and the dehydration
energy (unfavorable). In the case of small ion
association (divalent cation-divalent anion; e.g.,
Ca?*-malonate anion), the free energies are of the
order of a few (negative) kcal /mol [22]. Therefore,
the value estimated for AE,, seems reasonable.
Further discussion of the correlation of the hydra-
tion (and dehydration) behavior of divalent coun-
terions and ion specificity in counterion con-
densation phenomena will be presented in a forth-
coming paper.

The present study has reported as extension of
the intermediate model to multi-counterion sys-
tems. The 8 values estimated according to this
extended version show dependences on the ionic
strength which are qualitatively different from
those obtained using the Manning theory for finite
ionic strength. The intermediate model quantita-
tively explains mono- and divalent counterion ac-
tivity coefficients in PSSNa/MgCl,, CaCl, sys-
tems. This model is also applicable to polyion
systems, such as PLGNa,/MgCl,, CaCl,, in which
dehydration is supposed to occur with counterion
binding, if the effects of the hydration changes
upon counterion binding are taken into account in
terms of the extra interaction energy.
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